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A CHARACTERIZATION OF ω-LIMIT SETS IN SUBSHIFTS OF
BAIRE SPACE
JONATHAN MEDDAUGH AND BRIAN E. RAINES
Abstract. In this paper we consider the structure of ω-limit sets in subshifts
of Baire space. We consider both subshifts of finite type and subshifts of
bounded type and we demonstrate that many classical structure theorems for
ω-limit sets fail in this context. Nevertheless, we obtain characterizations of
ω-limit sets in subshift of finite types and of attracting ω-limit sets in subshifts
of bounded type.
1. Introduction
For a continuous map f : X → X on a metric space and a point x ∈ X , the
ω-limit set of x is the set
ω(x) =
⋂
N∈N
{f i(x) : i ≥ N},
i.e. the set of accumulation points of the forward orbit of x under the action of
f . It is immediately apparent that understanding the dynamics of the dynamical
system f : X → X requires an understanding of its ω-limit sets.
The ω-limit sets of a dynamical system are well-studied in the context of compact
metric domains X . Immediately from the definition, it follows that every ω-limit
set is closed (and hence compact) and strongly invariant. Hirsch, Smith and Zhao
demonstrated that every ω-limit set in a compact dynamical system is internally
chain transitive [6]. Barwell, Good, Knight and Raines demonstrated that in a
number of systems, the converse also holds, i.e. a closed internally chain transitive
set is the ω-limit set of some point x ∈ X [1]. In particular, they demonstrate this
fact for subshifts of finite type and for some maps on the interval. This property
has also been verified in a few other settings such as in dendritic Julia sets and in a
class of ‘circular’ Julia sets, [2] and [3]. In [9], the authors establish that the internal
chain transitivity characterization holds in all compact dynamical systems with the
shadowing property (sometimes referred to as the pseudo-orbit tracing property) and
this result has been refined by Good and Meddaugh to carry this characterization
over to the context of weaker variations of the shadowing property [4].
For systems f : X → X with X not compact, less is known about ω-limit sets.
Again, it is immediate from the definition that the ω-limit sets are closed and
invariant, but may fail to be compact. The problem is additionally complicated by
fact that f need not be uniformly continous in this setting.
As in [1], we begin the study of ω-limit sets in the noncompact setting by consid-
ering shift spaces over countably infinite alphabets. For a countable set Λ endowed
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with the discrete topology, we consider the dynamical system given by the shift map
on the space Λω of infinite sequences in Λ given by σ〈xn〉 = 〈xn+1〉. A subshift of
Λω is then a closed, invariant subsystem. As is the case with finite alphabets, sub-
shifts over countable alphabets serve as useful models for a broad class of dynamical
systems including countable state Markov systems [7]. But, unlike shift spaces over
finite alphabets which are equivalent to maps on the Cantor middle-thirds set, these
systems are not locally compact anywhere. In fact they are equivalent to maps on
the irrationals in R.
In the theory of shift spaces over finite alphabets, the subshifts of finite type
stand out as one of the most well-studied families. They are well understood in
terms of their ω-limit sets [1] and their entropy [8] among many other dynamical
properties. Walters showed that these are precisely the subshifts with the shadowing
property [11] and Good and Meddaugh have demonstrated that these systems are
fundamental to the study of the shadowing property in compact dynamical systems
[5].
In this paper, we discuss subshifts of finite type over countable alphabet and
characterize the ω-limit sets in these systems. Additionally, we define subshifts of
bounded type and demonstrate that these systems are, in a sense, the more natural
generalization of subshifts of finite type to the countable alphabet case – they are
precisely those subshifts with the shadowing property. This allows us to, in the
spirit of [1], characterize a subclass of the ω-limit sets (the attracting ω-limit sets)
in terms of internal chain transitivity.
2. Preliminaries
Let ω = N ∪ {0}. For any set Λ, let Λω be the set of all infinite words with
alphabet Λ with topology generated by the product topology taking Λ to have the
discrete topology. Let i, j ∈ ω with i < j. Let x ∈ Λω. Define x[i,j] = xixi+1 . . . xj ,
and define x(i,j), x[i,j), and x(i,j] similarly. For a finite word w = w0 · · ·wn−1 ∈ Λ
n
and k ∈ ω, define the cylinder set of w0 · · ·wn−1 centered at k to be the set of all
x ∈ Λω with x[k,k+n) = w. It is a standard result that the collection of cylinder
sets forms a basis for the topology on Λω, and in fact, it is enough to consider only
the cylinder sets centered at 0.
The space Λω is easily seen to be metrizable and it is immediate that the metric
given by
d(x, y) = inf{2−n : xi = yi for all i < n}
is consistent with the topology on Λω.
If Λ is finite and has at least two elements, then Λω is a compact metric space
which is homeomorphic to the Cantor set. In the event that Λ = ω, Λω is a non-
compact, non-locally compact metric space that is homeomorphic to the irrationals
in R. It is traditionally called the Baire space, and it has many uses in descriptive
set theory [10].
For a fixed Λ, we define the full shift on Λ to be the dynamical system (Λω, σ)
where σ is the shift map defined for every x0x1x2 · · · ∈ Λ
ω by σ(x0x1x2 · · · ) =
x1x2 · · · . It is easy to check that σ is continuous and, in fact, uniformly continuous
with respect to the metric d.
Let Γ ⊆ Λω. We call Γ a subshift of (Λω, σ) provided Γ is closed and σ-invariant,
i.e. σ(Γ) = Γ. Given a subshift Γ of Λω, let Bn(Γ) be the collection of all allowed
words of length n, i.e. w = w0 · · ·wn−1 ∈ Bn(Γ) if, and only if, there is some point
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x ∈ Γ and some i ∈ ω such that x[i,i+n) = w0 · · ·wn−1, in this case we say that x
contains w as a subword or w is a subword of x, and if i = 0 then we call w an
initial segment of x. Let
B(Γ) =
⋃
n∈N
Bn(Γ).
We call B(Γ) the set of allowed words for Γ. Notice that, since Γ is σ-invariant,
B(Γ) is equal to the set of initial segments.
A word w = w0 · · ·wn−1 is called forbidden in Γ, or simply forbidden when the
context is clear, provided w /∈ B(Γ). We denote the set of all words forbidden in Γ
by F (Γ), and for each n ∈ N, we let Fn(Γ) denote the words of length n that are
forbidden in Γ.
Let Γ ⊆ Λω be a subshift. A basis for the forbidden words of Γ is a subset F(Γ)
of F (Γ) such that for every w ∈ F (Γ) there is some w′ ∈ F(Γ) such that w contains
w′ as a subword. If Γ has a basis for its forbidden words that is finite, we call Γ a
subshift of finite type (SFT). For Λ finite, subshifts of finite type are well-studied
[8].
For Λ infinite, less is known about subshifts of finite type. In fact, it is not
immediately clear that subshifts of finite type with infinite alphabet are the most
natural analogue to subshifts of finite type with finite alphabet. In particular, the
following notion is another possible analogue.
If Γ has a basis for its forbidden words, F(Γ), such that there is some n ∈ N and
every element of F(Γ) has length less than n, then we call Γ a subshift of bounded
type (SBT). The following observation is immediate.
Proposition 1. Let Γ be a subshift of Λω. If Γ is an SFT, then it is an SBT. If
Λ is finite and Γ is an SBT, then it is an SFT.
Subshifts display many interesting dynamical properties. This paper focuses
primarily on shadowing properties and their relationship with ω-limit sets.
Let (X, f) be a dynamical system on a metric space. For δ > 0, a sequence 〈xi〉
in X is a δ-pseudo-orbit of f provided that d(f(xi), xi+1) < δ for all i ∈ ω. A
sequence 〈xi〉 is an asymptotic pseudo-orbit of f provided that d(f(xi), xi+1) limits
to zero.
For a fixed ǫ > 0, we say that the sequence 〈xi〉 ǫ-shadows 〈yi〉 if d(xi, yi) < ǫ
for all i ∈ ω. Similarly, we say that the sequence 〈xi〉 asymptotically shadows 〈yi〉
if d(xi, yi) limits to zero.
Definition 2. Let (X, f) be a dynamical system with X metric. The system (X, f)
has the shadowing property provided that for all ǫ > 0 there exists δ > 0 such that
for every δ-pseudo-orbit 〈xi〉 of f , there exists a point z ∈ X such that 〈f
i(z)〉
ǫ-shadows 〈xi〉.
Definition 3. Let (X, f) be a dynamical system with X metric. The system (X, f)
has the asymptotic shadowing property provided that for every asymptotic pseudo-
orbit 〈xi〉 of f , there exists a point z ∈ X such that 〈f
i(z)〉 asymptotically shadows
〈xi〉.
We will frequently abuse notation and identify the point z with its orbit sequence
〈f i(z)〉 and say that the point z shadows the pseudo-orbit 〈xi〉 in this case.
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For an arbitrary sequence 〈xi〉 in a topological space X , the ω-limit set of 〈xi〉
is the following:
ω〈xi〉 =
⋂
N∈ω
{xi : i ≥ N}.
As with shadowing, in the context of a dynamical system, we often associate a
point with its orbit sequence, and thus for a dynamical system (X, f) and x ∈ X ,
the ω-limit set of x is the set ω(x) = ω〈f i(x)〉. We say that a subset Z of X is an
ω-limit set of the system if there is a point x ∈ X with ω(x) = Z.
The ω-limit sets of points exhibit a variety of dynamical systems that are not
shared by ω-limit sets of arbitrary sequences. Among other things, it is well known
that ω-limit sets of points are invariant subsets of the dynamical system. In con-
trast, ω-limit sets of arbitrary sequences are less well studied, and generally less
well-behaved. However, the following results concerning the ω-limit sets of se-
quences are immediate.
Lemma 4. Let X be a metric space. Let 〈ni〉 be a subsequence in ω. Then ω〈xni〉 ⊆
ω〈xi〉.
Lemma 5. Let X be a metric space. If 〈xi〉 is asymptotically shadowed by 〈zi〉,
then ω〈xi〉 = ω〈zi〉.
An additional concept that we make use of is that of internal chain transitivity.
Let (X, f) be a dynamical system with X metric. For δ > 0 and a, b ∈ X , a δ-chain
from a to b is a finite sequence x0, x1, . . . xn such that d(f(xi), xi+1) < δ for i < n
with a = x0 and b = xn.
Definition 6. Let (X, f) be a dynamical system with X metric. A set A is inter-
nally chain transitive (ICT) if for all a, b ∈ A and all δ > 0 there exists a δ-chain
from a to b consisting of elements of A.
3. Shadowing in subshifts of Baire space
We begin our exposition of results by exploring the degree to which subshifts of
bounded type are the appropriate analogue for subshifts of finite type in the finite
alphabet case.
The following characterization of subshifts of bounded type is a generalization
of a standard characterization for subshifts of finite type.
Theorem 7. Let Γ be a subshift of Λω. Then Γ is an SBT if and only if there
exists M ∈ ω such that if uw,wv ∈ B(Γ) and the length of w is at least M , then
uwv ∈ B(Γ).
Proof. First, suppose that Γ is an SBT, we can choose a bounded basismathcalF (Γ)
for F (Γ). Choose M so that no word in F(Γ) has length more than M + 1.
Now, let u, v, w ∈ B(Γ) with uw,wv ∈ B(Γ) and w of length at least M . It is
then clear that is p is a subword of uwv of length no more than M + 1, then p is
a subword of either uw or wv, and hence does not belong to F(Γ). As such, uwv
has no subwords belonging to F(Γ), and hence uwv ∈ B(Γ) as claimed.
Now, suppose that Γ is a subshift of Λω and suppose that M ∈ ω satisfies the
hypotheses. Let F(Γ) consist of those forbidden words of length no more than
M + 1. We demonstrate by induction that any forbidden word contains a subword
in F(Γ).
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First, we note that if w is a forbidden word of length less than or equal to M +1,
then w has a subword belonging to F (Γ), namely itself. Now, suppose that any
forbidden word of length l with M + 1 ≤ l ≤ K contains a subword in F(Γ). Let
p = p0p1 · · · pK−1pK be a forbidden word of length K +1. Then w = p1 · · · dK−1 is
a word of length at leastM . Thus, at least one of p0w and wpK must be forbidden,
and by the inductive hypotheses contains a subword belonging to F(Γ). 
In [11], it is demonstrated that the shadowing property completely characterizes
subshifts of finite type in the setting of a finite alphabet. If we allow for Λ to be
(possibly) infinite, we have the following analogous results.
Lemma 8. Let Γ be an SBT. Then (Γ, σ) has shadowing.
Proof. Choose K ∈ N and F(Γ) a basis of the forbidden words of Γ such that all
the elements of F(Γ) have length less than or equal to K. Fix ǫ > 0, and choose
M ≥ K such that if u, v ∈ Γ with u[0,M) = v[0,M), then d(u, v) < ǫ. Now, choose
δ > 0 such that if u, v ∈ Γ with d(u, v) < δ, then u[0,M) = v[0,M).
Let 〈xi〉i∈ω be a δ-pseudo-orbit in Γ for σ where each x
i is given by xi0x
i
1x
i
2 · · · ∈
Γ. Define
z = z0z1z2 · · · = x
0
0x
1
0x
2
0 · · · ∈ Λ
ω
to be the point whose ith entry is the initial entry of each xi. We show that z ∈ Γ,
and we show that z ǫ-shadows (xi)i∈ω.
Since (xi)i∈ω is a δ-pseudo-orbit for σ we see that d(σ(x
i), xi+1) < δ. So for
every i ∈ ω, we have symbol agreement of the following sort:
xi1x
i
2 · · ·x
i
M = x
i+1
0 x
i+1
1 · · ·x
i+1
M−1.
This gives us the following in which every column is made up of identical symbols:
xi+00 x
i+0
1 x
i+0
2 · · ·x
i+0
M−1
xi+10 x
i+1
1 · · ·x
i+1
M−2x
i+1
M−1
xi+20 · · ·x
i+2
M−3x
i+2
M−2x
i+2
M−1
from which it follows that for all i ∈ ω and 0 ≤ l ≤ min{M, i}
zi = x
i−l
l .
In turn, it follows that for all i ∈ ω z[i,i+M) = x
i
[0,M), and hence d(σ
i(z), xi) < ǫ,
i.e. z ǫ-shadows 〈xi〉i∈ω .
Finally, notice that for each i ∈ ω and k ≤ K, since k ≤ K ≤ M , we have
z[i,i+k) = x
i
[0,k) /∈ F(Γ), and hence z ∈ Γ as desired. 
Lemma 9. Let (Γ, σ) have shadowing. Then Γ is an SBT.
Proof. Let Γ be a subshift such that (Γ, σ) has shadowing. Fix ǫ = 1 and let δ > 0
witness shadowing with respect to ǫ. Choose K ∈ N such that if u, v ∈ Γ with
u[0,K) = v[0,K), then d(u, v) < ǫ.
Let l > K and suppose that w = w0w1 · · ·wl − 1 is a word of length l and
suppose that every subword of w of length less than or equal to K + 1 is allowed.
As such, we can find words ui ∈ Γ with ui[0,K+1) = w[i,i+K+1) for i ≤ l −K − 1.
For i ≥ l − K − 1, define ui = σi−(l−K−1)(ul−K−1). It is immediate from this
construction that σ(ui)[0,K) = u
i+1
[0,K) and so 〈u
i〉i∈ω is a δ-pseudo-orbit, and since
6 J. MEDDAUGH AND B. E. RAINES
(Γ, σ) has shadowing, there exists z ∈ Γ that ǫ shadows it. Since ǫ = 1, it must be
the case that zi = u
i
0 for all i ∈ ω, and hence z[0,l) = w is an allowed word for Γ.
It follows that if w is a forbidden word of Γ, then w must contain a forbidden
word of length less than or equal to K + 1, i.e. F (Γ) has a bounded basis. 
Combining these two results yields the following characterization of shadowing
in subshifts over arbitrary Λ.
Theorem 10. Let Γ be a subshift of Λω. Then Γ is an SBT if and only if (Γ, σ)
has shadowing.
It is a standard result that subshifts over finite alphabet are positively expan-
sive, i.e. there exists an expansive constant c > 0 such that if x, y ∈ Γ with
d(σn(x), σn(y)) < c for all n ∈ ω, then x = y. In fact, the expansive constant c can
be taken to be 1 in this setting, and this carries over to the setting of arbitrary Λ
perfectly.
Theorem 11. Let Γ be a subshift of Λω. Then (Γ, σ) is positively expansive with
expansive constant 1.
Proof. Let x, y ∈ Γ such that for all n ∈ ω, d(σn(x), σn(y)) < 1. Then for all n ∈ ω,
we have xn = yn, and hence x = y. 
As a consequence, we can show that shadowing implies asymptotic shadowing
for subshifts of Λω. In fact, the following more general result holds.
Theorem 12. If (X, f) is a positively expansive surjective system with shadowing,
then (X, f) has asymptotic shadowing.
Proof. Let c be the expansive constant of (X, f).
Since (X, f) has shadowing, choose δ0 > 0 so that every δ0-pseudo-orbit is c/2-
shadowed.
Let 〈xi〉 be an asymptotic pseudo-orbit, and fix N ∈ ω such that 〈xi+N 〉 is a
δ0-pseudo-orbit. Now, as f is surjective, we choose a point z ∈ X so that its N -th
image under f , fN (z), c/2-shadows 〈xi+N 〉.
In fact, this point necessarily asymptotically shadows 〈xi〉. Indeed, fix c/2 > ǫ >
0, and choose δ > 0 such that every δ-pseudo-orbit is ǫ-shadowed. As above, we
can find a point z′ ∈ X and N ′ such that fN
′
(z′) ǫ-shadows xi+N ′ .
In particular, for n ≥ max{N,N ′} we have
d(fn(z), fn(z′) ≤ d(fn(z), xn) + d(xn, f
n(z′)) < c
and so, fn(z) = fn(z′) as f is positively expansive with constant c. In particular,
for n ≥ max{N,N ′}, z eventually ǫ-shadows 〈xi〉. As ǫ > 0 was arbitrary, it follows
that z asymptotically shadows 〈xi〉. 
Corollary 13. Let Γ be a subshift of Λω. If Γ is an SBT, then (Γ, σ) has asymptotic
shadowing.
Thus, in the context of shadowing in subshifts over infinite alphabet, subshifts
of bounded type are the correct analogue for subshifts of finite type in the finite
alphabet case.
A CHARACTERIZATION OF ω-LIMIT SETS IN SUBSHIFTS OF BAIRE SPACE 7
4. ω-limit sets in subshifts of Baire space
It should be noted however, that there are significant differences between these
type of dynamical systems, in part due to the lack of compactness.
In a compact dynamical system, an ω-limit set is necessarily internally chain
transitive [1]. In the context of shift spaces, the authors have demonstrated that
there is a stronger connection between internal chain transitive sets and ω-limit
sets. Specifically, they have shown that in a subshift of finite type Γ, a closed,
invariant subset A is an ω-limit set of some point z ∈ Γ if and only if A is internally
chain transitive [9]. This connection proves to hold in other classes of dynamical
systems exhibiting appropriate forms of shadowing [4].
Strikingly, in the context of shifts over infinite alphabets, even the first result
fails.
Remark 14. Consider the full shift with alphabet ω. The point
x = 01212303414505616707818 · · ·
has ω(x) = {1ω, 0ω}, which is closed and invariant, but not internally chain tran-
sitive.
Perhaps more surprisingly, in subshifts of bounded type over countable alphabets,
the converse does hold, i.e. closed invariant internally chain transitive sets are
necessarily ω-limit sets.
Lemma 15. Let (X, f) be a dynamical system with X separable metric. Let Z ⊆ X
be closed and internally chain transitive. Then there exists an asymptotic pseudo-
orbit 〈xi〉 in Z such that ω〈xi〉 = Z.
Proof. Since X is separable metric, so is Z, and as such we can find a countable
set Z ′ ⊆ Z with Z ′ = Z. Choose a sequence 〈zn〉 in Z
′ such that for each N ∈ ω,
{zn : n ≥ N} = Z
′.
Now, since Z is internally chain transitive, for each n ∈ ω, choose a finite 1/n-
pseudo-orbit yn0 , y
n
1 , . . . y
n
kn
in Z with yn0 = zn and y
n
kn
= zn+1.
We now define the asymptotic pseudo-orbit 〈xi〉 as follows. For i < k0, take
xi = y
0
i . For i ∈ ω with
∑n
j=0 kj ≤ i <
∑n+1
j=0 kj , define xi = y
n
i−
∑
n
j=0
kj
, i.e.
〈xi〉 = y
0
0 , y
0
1 , · · · , y
0
k0
= y10 , y
1
1, · · · , y
1
k1
= y20 , y
2
1 , · · · y
2
k2
= y30 , · · · .
It is clear, then, that 〈xi〉 is an asymptotic pseudo-orbit, and for each N ∈ ω,
we have Z ′ ⊆ {xi : i ≥ N} ⊆ {xi : i ≥ N} ⊆ Z, and so ω〈xi〉 = Z. 
It is worth noting that there are non-metric notions of shadowing and internal
chain transitivity [5], and in these contexts the preceding lemma and proof can
easily be modified to accommodate systems which are second countable.
We are now able to prove that in subshifts of bounded type, every closed ICT
set is indeed an ω-limit set. In fact, we are able to show that it is an ω-limit set in
a particularly tame sense.
Theorem 16. Let Γ be a subshift of Λω with Λ countable. If Γ is an SBT and
Z ⊆ Γ is a closed ICT set, then there exists x ∈ Γ with Z = ω(x). Additionally, x
can be chosen such that for all ǫ > 0, there exists N ∈ ω such that d(σi(x), Z) < ǫ
for all i ≥ N .
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Proof. Let Λ be countable and let Γ be a subshift of bounded type.
Let Z ⊆ Γ be a closed ICT set. Since Λ is countable, Λω is separable metric
and thus by Lemma 15, there exists an asymptotic pseudo-orbit 〈zi〉 in Z with
ω〈zi〉 = Z. By Corollary 13, the system (Γ, σ) has asymptotic shadowing, so
we can find x ∈ Γ which asymptotically shadows 〈zi〉, and hence by Lemma 5,
ω(x) = ω〈zi〉 = Z.
Now, fix ǫ > 0. Since 〈zi〉 is contained in Z, and is asymptotically shadowed
by 〈σi(x)〉, there exists N ∈ ω such that for i ≥ N , we have d(zi, σ
i(x)) < ǫ. In
particular, we have d(σi(x), Z) < ǫ for all i ≥ N . 
With this in mind, we say that a subset Z of Λω is an attracting ω-limit set if
there is a point x ∈ Λω such that ω(x) = Z and for all ǫ > 0, there exists N ∈ ω
with d(σi(x), Z) < ǫ for all i ≥ N .
Corollary 17. Let Γ be a subshift of Λω with Λ countable. If Γ is an SBT, then a
set Z ⊆ Γ is a closed ICT set if and only if it is an attracting ω-limit set.
Proof. By the previous Theorem, for each closed ICT set Z, there is necessarily
such a point x ∈ Γ.
Now, suppose that Z is an attracting ω-limit set and let x ∈ Γ witness this. Fix
δ > 0 and a, b ∈ Z. Since σ is uniformly continuous, fix η > 0 such that η < δ/2
and so that if d(x, y) < η, then d(σ(x), σ(y)) < δ/2.
Since x witnesses that Z is an attracting ω-limit set, find N such that for i > n,
d(σi(x), Z) < η. Now, fix m > N and n > m so that d(σm(x), a) < η) and
d(σn(x), b) < η. We now construct our δ-chain from a to b in Z by choosing
x0 = a, xn−m = b and xi ∈ Bη(σ
m+i(x))∩Z for 0 < i < n−m. By choice of η, for
i < n−m, we have d(σm+i+1(x), σ(xi)) < δ/2, and hence
d(xi+1, σ(xi)) ≤ d(xi+1, σ
m+i+1(x)) + d(σm+i+1(x), σ(xi)) < η + δ/2 < δ.
Thus x0, x1, . . . xn−m is a δ-chain in Z from a to b, and thus Z is ICT. As it is an
ω-limit set, it is also closed as desired. 
Having established this result for subshifts of bounded type, we turn our atten-
tion to subshifts of finite type.
Lemma 18. Let Γ be a subshift of Λω, with Λ infinite (countably or uncountably
so). If Γ is an SFT, then Γ is ICT.
Proof. Let Λ be an infinite set and Γ a subshift of Λω which is an SFT. Let F(Γ)
be a finite basis for the forbidden words of Γ, and let c ∈ Λ such that c does not
appear as a symbol in any word in F(Γ).
Let x = 〈xi〉 and y = 〈yi〉 belong to Γ, and let δ > 0. Additionally fix N ∈ ω
such that if a, b ∈ Γ and a[0,N) = b[0,N), then d(a, b) < δ.
Define z = x[1,N+1)cy ∈ Λ
ω, notice that each subword of z is either a subword
of x, of y, or contains the symbol c, and as such does not belong to F(Γ), and so
z ∈ Γ.
Furthermore, notice that
x, z, σ(z), . . . σN (z) = cy, σN+1(z) = y
is a δ-chain from x to y in Γ. As x, y ∈ Γ and δ > 0 were arbitrary, we see that Γ
is ICT. 
This result, combined with Theorem 16 yields the following.
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Corollary 19. Let Γ be a subshift of Λω with Λ countably infinite. If Γ is an SFT,
then there exists x ∈ Γ with ω(x) = Γ.
In fact, this is a property unique to countably infinite alphabets.
Corollary 20. Let Λ be set containing more than one element. Then Λ is countably
infinite if and only if every subshift Γ of Λω which is an SFT has a point z ∈ Γ
with ω(z) = Γ.
Proof. By Corollary 19, if Λ is countably infinite, then the property that every
subshift of finite type is an ω-limit set holds.
If Λ is finite and contains the symbols s0, s1, consider the finite set F = {s0s1, }∪
(Λ \ {s0, s1}), and let Γ be the subshift of finite type with F as a basis for its
forbidden words. Clearly Γ is an SFT; but it is not ICT, as there can be no δ-chain
from s∞0 to s
∞
1 for δ < 1. As such, by the results of [1], it is not an ω-limit set.
If Λ is uncountable, then the full shift Λω is an SFT, and by Lemma 18 is ICT
as well. However, if x = 〈xi〉 ∈ Λ
ω, then ω(x) ⊆ {xi : i ∈ ω}
ω ( Λω, and thus Λω
is not an ω-limit set. 
It is worth noting that there exist subshifts Γ of bounded type over countable
alphabets which are not internally chain transitive, and indeed, for which Γ is not
an ω-limit set.
Remark 21. Consider the subshift Γ of ωω with basis of forbidden words given by
F(Γ) = {st : s > t}.
For δ < 1, let x0, x1, . . . xn be a δ-chain in Γ. Let a ∈ ω be the initial symbol of
x0. Then for all i ≤ n, if b is a symbol of xi, then b ≤ a. In particular, there is no
δ-chain from x0 to the point (a+ 1)
∞.
To see that Γ is not an ω-limit set, observe that for x ∈ Γ with initial symbol a,
the forward orbit {σn(x)} of x is contained in {0, 1, . . . a}ω ( Γ.
It is interesting to note that the example from Remark 14, while not internally
chain transitive, is in fact, a union of closed internally chain transitive sets. While
this might lead one to conjecture that in shifts over infinite alphabets, every ω-limit
set is a union of closed internally chain transitive sets, we observe that this is false,
as the following example demonstrates.
Remark 22. Consider the full shift with alphabet ω. The point
x = 0120212303134041450515606167071780818 · · ·
has ω(x) = {1ω, 0ω} ∪ {0k1ω : k ∈ ω}, which is closed and invariant, but is not the
union of closed internally chain transitive sets.
This example demonstrates how significantly the dynamics of shift spaces differ
between the finite and infinite alphabet cases. In fact, for subshifts of finite type
over infinite alphabet, every closed invariant set is an ω-limit set. Note that this is
false for subshifts of bounded type, as witnessed in Remark 21.
Theorem 23. Let Γ be a subshift of Λω with Λ countable. If Γ is an SFT, then
Z ⊆ Γ is a closed, invariant set if and only if it is an ω-limit set.
Proof. Let Λ be an infinite set and Γ a subshift of Λω which is an SFT. Let F(Γ)
be a finite basis for the forbidden words of Γ, and let {si : i ∈ ω} be a countably
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infinite subset of Λ such that for each i, the symbol si does not appear in any word
of F(Γ).
Now, let Z be a closed, invariant subset of Γ, and let B = 〈bi〉i∈ω be an enumer-
ation of the initial segments of points in Z, i.e. for each w ∈ Z and n > 0, there
exists i ∈ ω such that the word w[0,n) is equal to bi. Note that, since Z is invariant,
for any w ∈ Z, every subword of w is an initial segment of a point in Z, and as
such B is also an enumeration of the subwords of points in Z. It follows that if b is
a subword of bi for some i ∈ ω, then there exists j ∈ ω with b = bj .
Define a point x ∈ Λω as follows.
x = b0s0b1s1 · · · bisi · · ·
We claim that x ∈ Γ and ω(x) = Z. For the former, let w be a subword of x. Then
w is either a subword of bi for some i ∈ ω or else contains sj for some j ∈ ω. In
either case, w ∈ F(Γ), and so x ∈ Γ.
To see that ω(x) = Z, let z ∈ Z. For each m > 0, there exists i(m) ∈ ω with
z[0,m) = bi(m). In particular, for each n > 0, the initial segment z[0,n) of z is a
subword of bi(m) for all m ≥ n, and as such occurs in x infinitely often. It follows
that z ∈ ω(x).
Now, consider p ∈ ω(x), and let n > 0. Then p[0,n) occurs in x infinitely often.
As p[0,n) is finite, there is N ∈ ω such that it does not contain the symbol si for
any i ≥ N . In particular, p[0,n) occurs infinitely often in
bNsNbN+1sN+1 · · · bN+isN+i · · ·
and, since it does not contain any of the symbols sN+i for i ≥ 0, we see that p[0,n)
is a subword of bN+i for infinitely many i, and in particular, for at least one i. As
such, p[0,n) is the initial segment of some point in Z. Thus, every neighborhood of
p meets Z, and since Z is closed, p ∈ Z. Thus Z = ω(x).
For the converse, observe that if Z is an ω-limit set, it is necessarily closed and
invariant. 
Thus, in the context of subshifts of finite type with countable alphabet, the ω-
limit sets and the closed invariant sets coincide. Since subshifts of finite type are
also subshifts of bounded type, we also see that the attracting ω-limit sets and the
closed ICT sets coincide.
References
[1] A. D. Barwell, C. Good, R. Knight, and B. E. Raines. A characterization of ω-limit sets in
shift spaces. Ergodic Theory Dynam. Systems, 30(1):21–31, 2010.
[2] Andrew D. Barwell, Jonathan Meddaugh, and Brian E. Raines. Shadowing and ω-limit sets
of circular Julia sets. Ergodic Theory Dynam. Systems, 35(4):1045–1055, 2015.
[3] Andrew D. Barwell and Brian E. Raines. The ω-limit sets of quadratic Julia sets. Ergodic
Theory Dynam. Systems, 35(2):337–358, 2015.
[4] Chris Good and Jonathan Meddaugh. Orbital shadowing, internal chain transitivity and
ω-limit sets. Ergodic Theory Dynam. Systems, 38(1):143–154, 2018.
[5] Chris Good and Jonathan Meddaugh. Shifts of finite type as fundamental objects in the
theory of shadowing. Inventiones mathematicae, Dec 2019.
[6] M. W. Hirsch, Hal L. Smith, and X.-Q. Zhao. Chain transitivity, attractivity, and strong
repellors for semidynamical systems. J. Dynam. Differential Equations, 13(1):107–131, 2001.
[7] Bruce P. Kitchens. Symbolic dynamics. Universitext. Springer-Verlag, Berlin, 1998. One-
sided, two-sided and countable state Markov shifts.
[8] D. Lind and B. Marcus. An introduction to symbolic dynamics and coding. Cambridge Uni-
versity Press, Cambridge, 1995.
A CHARACTERIZATION OF ω-LIMIT SETS IN SUBSHIFTS OF BAIRE SPACE 11
[9] Jonathan Meddaugh and Brian E. Raines. Shadowing and internal chain transitivity. Fund.
Math., 222(3):279–287, 2013.
[10] Yiannis N. Moschovakis. Descriptive set theory, volume 155 of Mathematical Surveys and
Monographs. American Mathematical Society, Providence, RI, second edition, 2009.
[11] Peter Walters. On the pseudo-orbit tracing property and its relationship to stability. In The
structure of attractors in dynamical systems (Proc. Conf., North Dakota State Univ., Fargo,
N.D., 1977), volume 668 of Lecture Notes in Math., pages 231–244. Springer, Berlin, 1978.
(J. Meddaugh) Department of Mathematics, Baylor University, Waco, TX 76798–
7328,USA
E-mail address: jonathan meddaugh@baylor.edu
(B. E. Raines) Department of Mathematics, Baylor University, Waco, TX 76798–
7328,USA
E-mail address: brian raines@baylor.edu
